We present a design optimization method of H-plane waveguide components, based on the level set method with the finite element method. In this paper, we propose a new formulation for the improvement of a level set function, which describes shape, location, and connectivity of dielectric in a design region. Employing the optimization procedure, we demonstrate that optimized structures of an H-plane waveguide filter and T-junction are obtained from an initial structure composed of several circular blocks of dielectric. key words: design optimization, level set method, adjoint variable method, finite element method, H-plane waveguide component
Introduction
Microwave devices have been developed with the advance of information communication technology. Structures of microwave devices are usually designed based on the improvement of conventional devices or on heuristic idea. Recently, the design of microwave devices based on optimization methods has also been reported, which is enabled by the advent of low-cost and high-powered computers. In H-plane waveguide components, a T-junction [1] - [3] , a mode transformer [4] , and a filter [5] have been designed using sizing and shape optimization methods. An optimal shape design of a waveguide-to-microstrip transition [6] and a waveguide transformer [7] has also been reported using the finite element method (FEM). A waveguide filter has been designed using the genetic algorithm [8] .
In the field of structure analysis, in addition to sizing and shape optimization, topology optimization (TO) [9] and the level set method (LSM) [10] have been advanced, and recently they are applied to some optimization problems in the field of electromagnetic waves. In sizing and shape optimization, the location and shape of blocks of material in a design region are designed to maximize or minimize a specific objective function, while topology in a design region, such as the number and connectivity of blocks of material, remains fixed. TO and LSM involve the determination of features in a design region, such as the location, shape, number and connectivity of blocks of material, so that we could expect to obtain a novel configuration using TO and LSM. By using TO, in the microwave frequency band, the design of a dielectric substrate in a patch antenna [11] and Hplane waveguide component [12] have been reported, and in optical frequency band, a 90-degree bend of an optical waveguide [13] and two-dimensional optical periodic structure [14] have been presented. Also, in photonic crystal waveguides, the optimization of a bend [15] - [19] , the improvement of radiation characteristic into free space [20] , and the improvement of the coupling between a slab and photonic crystal waveguide [21] have been investigated.
On the other hand, LSM has been applied in the electromagnetic field to the maximization of a band gap in a photonic crystal [22] and the inverse scattering problem [23] - [26] . Also, in [27] , LSM is applied to the design optimization of left-handed dielectric metamaterials which is composed by periodically located dielectric resonators in a cutoff waveguide, and the optimization method for resonant frequencies is presented, but that for reflection and/or transmission characteristics of the waveguide is not treated. Very recently, the shape optimized design of microwave dielectric resonators based on LSM has been reported [28] . However, since the shape optimization for a single block of dielectric is only conducted, and in addition, introductory description written in [10] is merely given as the formulation for LSM, the applicability to optimization problems including the number and connectivity of blocks of dielectric is not obvious.
In this paper, we present an optimization method on reflection and/or transmission characteristics of an H-plane waveguide component, based on LSM with FEM. In this optimization, however, it is highly difficult or impossible to determine as a function a small variation of a level set function, which describes shape, location, and connectivity of dielectric in a design region, so as to monotonically decrease an objective function, and so we propose an alternative formulation, where the small variation is determined as discrete values by using the same discretization as in FEM. It is an advantage that the discretization of the small variation is readily incorporated in FEM formulation. To confirm the validity of our formulation, we design an H-plane waveguide filter and T-junction, and demonstrate that optimized structures are obtained from an initial structure composed of Copyright c 2011 The Institute of Electronics, Information and Communication Engineers several circular blocks of dielectric.
Finite Element Analysis of H-Plane Waveguide Discontinuity Problem
We consider an H-plane waveguide discontinuity problem, as shown in Fig. 1 , where boundary Γ 0 represents an electric wall and Γ n (n = 1, 2, · · · , N) is the boundary between discontinuity region Ω and waveguide n. Here, we assume the field has no variation in the z direction, and let φ = E z (E z being the z component of the electric field). Dividing region Ω into a number of linear rectangular elements shown in Fig. 2 and applying FEM, we obtain a final matrix equation as follows:
where the input and output port at Γ n is treated by employing the eigenfunction expansion with respect to the modes of waveguide n [29] . After solving (1), we can compute the S parameter in waveguide n for the incidence of a propagating mode with unit amplitude from waveguide 1 as follows:
where δ n1 represents the Kronecker delta, {g n } is a known vector related to a propagating mode in waveguide n, {φ n } is a vector which has the values of φ on boundary Γ n , and superscript T denotes a transpose. 
Formulation of Optimization Method Based on Level Set Method

Outline of Level Set Method
For completeness of this paper, we briefly introduce LSM, which is described in detail in [10] . LSM determines interfaces between two materials, air and dielectric in this paper, in a design region through optimization procedure, and the interfaces are defined by the iso-contour of w(r) = 0, where w is a level set function and r is a location vector. In LSM, pseudo time τ is introduced, and the level set function is improved with the pseudo time so as to minimize a specific objective function under the following convection (or advection) equation known as the "level set equation":
where V N (r) stands for the component of velocity normal to the iso-contour of w(r) and is determined from sensitivity analysis. The following signed distance function is usually adopted as a level set function:
where Ω air and Ω dielectric denote material regions of air and dielectric, respectively, and ∂Ω represents the interface between the two materials. Here d(r) is an unsigned distance function defined as the distance from the point r to the interface ∂Ω. Then the relative permittivity in a design region is represented using Heaviside function H(w) as
where ε rd denotes the relative permittivity of dielectric. Also, since |∇w(r)| = 1 holds, (3) is solved using Euler method as follows:
where Δτ is a time interval, and w (τ) and V
(τ)
N represent the values of w and V N at pseudo time τ, respectively.
Sensitivity Analysis
Here the sensitivity is calculated using the adjoint variable method (AVM). Let C be an objective function, which is minimized in an optimization problem, and in most cases of waveguide discontinuity problems C is explicitly expressed with the absolute values of S parameters. Here we define C as
where F stands for a function with respect to |S 11 |, |S 21 |, · · · , |S N1 |. If the shape of the interfaces between dielectric and air is modified, the values of S parameters are changed. When the value of the level set function changes from w(r) to w(r) + δw(r) because of the modification of the shape of the interfaces, the sensitivity of the objective function C is calculated as follows:
where Re stands for the real part of a complex number, a superscript * indicates complex conjugate, and the sensitivity of S n1 , δS n1 , is obtained from (2) . Here, {g n } is a vector whose components are the values of {g n } at the nodes on boundary Γ n and zero elsewhere. We can obtain the sensitivity of {φ}, {δφ}, from (1)
where
δε r {N}({N} T {φ} e )dxdy (10)
Here k 0 is a wave number in vacuum, {N} is a shape function vector of a rectangular element, {φ} e is a vector which has the values of φ on the vertices of the element, e dxdy represents the surface integral over the element, and e denotes the summation over all the elements. The sensitivity of ε r , δε r , is obtained from (5), and δ(w) is the Dirac delta function.
Formulation of Velocity
In LSM, one is required to formulate velocity V N in each of applications. For example, the velocity for an eigenvalue problem on photonic band gap is presented in Sect. 3 of [22] , and that for an inverse problem on the determination of perfect conductor shape is in (11) of [30] . Here we propose a formulation of V N for the optimization of shape, location, and connectivity of dielectric in H-plane waveguide components, as described below. From (6), we can set
Substituting (9) to (11) into (8), the sensitivity of C is expressed as
In the above equation, since it is highly difficult or impossible to determine δw as a function so as to monotonically decrease the objective function, we propose an alternative formulation, in which δw is determined as discrete values. We discretize the value of δw in a rectangular element as
where {δw} e is a vector which has the values of δw on the vertices of the element. From (9), (10), (11) , and (14), we obtain
and {δw} is a vector which has the values of δw on the vertices of all the elements. Accordingly, the sensitivity of C is expressed as
We notice that δC always has a negative value when we set the value of {δw} as
where α is a positive number. When, using (12) and (19) , w(r) is improved with pseudo time τ in accordance with (6), the value of the objective function C will decrease monotonically with τ, and then be minimized. In iterations of optimization based on LSM, α should be chosen so as to satisfy max(|δw|) < Δ, where max(|δw|) represents the largest value of the absolute value over the components of {δw}, and Δ stands for the length of a side of a rectangular element.
Numerical Examples
Waveguide Filter
We consider an H-plane waveguide component of width a = 22.9 mm, as shown in Fig. 3 , where the TE 10 mode incidence from boundary Γ 1 is assumed. Here we determine an optimal distribution of dielectric with relative permittivity ε rd = 2 in a design region of length 4a so as to minimize the transmitted power at 10 GHz. Figure 3 also shows an initial structure for the optimization based on LSM, which has six circular dielectric posts with relative permittivity ε rd in the design region. In LSM, one can use any shape of dielectrics as an initial structure, and here we select circular posts so that the initial structure does not have any specific feature. In this case, the objective function is given as follows:
Minimize C = |S 21 | 2 at 10 GHz (20) Figure 4 shows the transmitted power against the number of the iteration in LSM, and Fig. 5 shows the structure obtained after 100 iterations. We notice that a onedimensional filter is made up automatically by a onedimensional periodic structure whose period length is d = 16.1 mm with dielectric thickness of 6.2 mm. To explain the optimized structure, we show in Fig. 6 the attenuation constant α at 10 GHz and the upper and lower limit of the stopband in an infinite periodic structure, which are estimated according to the formulation in the Appendix. In this figure the normalized attenuation constant has the maximum value at a period length d = 15.9 mm with dielectric width of 6.0 mm, and we notice that these values and the upper and lower limit of the stopband are in accordance with those of the optimized structure. Figure 7 shows the frequency characteristic of the optimized structure. We find that this structure realizes a filter which has the transmitted power of less than −20 dB in the frequency between 9.5 and 10.0 GHz. Also, Fig. 8 shows the electric field intensity distribution at 10 GHz, and one can observe the reflection by the periodic structure.
To investigate the relation between an initial and optimized structure, we performed the optimization for an initial structure of five, seven, or eight circular dielectric posts and obtained as an optimized structure a one-dimensional periodic structure whose periodic length and dielectric thickness are the same as for an initial structure of six posts, but the number of dielectrics in the optimized structures are five for five or eight posts and six for seven posts. Since dielectrics do not appear newly (may disappear or join each other) through the optimization by a standard LSM, it is very natural that the optimized structure composed of five dielectrics is made up for an initial structure of five posts. It is desirable that an optimized structure of six dielectrics is made up for an initial structure of more than six posts, because the the transmitted power at 10 GHz is about −20 dB in six dielectrics, while it rises to about −16 dB in five dielectrics due to the decrease of the number of periods. However, both optimized structures composed of five and six dielectrics are capable as local minima in the optimization, because the length of the design region of 4a = 91.6 mm corresponds to about 5.7 times periodic length of d = 16.1 mm. Anyway, it is necessary to perform the optimization for some initial structures, because it is difficult to avoid falling into a local minimum in a standard LSM.
Optimization of T-Junction
Next, we consider an H-plane T-junction of width a = 22.9 mm, as shown in Fig. 9 , where the TE 10 mode incidence from boundary Γ 1 is assumed. Here we determine an optimal distribution of dielectric with relative permittivity ε rd = 2 in a design region of the junction added by length a/2 into waveguides 1 to 3 so as to minimize the reflected power |S 11 | 2 and divide the transmitted power into waveguides 2 and 3 with the power ratio 2 : 1 over 9 to 11 GHz. In this case, the objective function is given as follows:
at f m = 9, 10, 11 GHz (21) Figure 10 shows the reflected power, |S 11 | 2 , and the transmitted power, |S 21 | 2 and |S 31 | 2 , against the number of the iteration in LSM, and Fig. 11 shows the structure obtained after 100 iterations. The frequency characteristic for the optimized structure is shown in Fig. 12 . We observe that the transmitted powers in waveguides 2 and 3 are approximately constant over 9 to 11 GHz and the power ratio of them is 1.99 : 1 at 10 GHz, while the reflected power is less than −23.5 dB. These values are improved in comparison with those of TO in [12] , which are 1.8 : 1 and −18.5 dB, respectively. The main reason is that, in the optimized structure of TO, it is essential to simplify the obtained structure since materials of intermediate permittivity between air and dielectric are contained, while, in the optimized structure of LSM, the simplification is not required since dielectrics have clear shape.
For convenience of explanation, we name each of the dielectrics block n (n = 1, 2, 3, 4), as shown in Fig. 11 . Figure 13 shows the electric field intensity distribution for the optimized structure in an H-plane T-junction at 10 GHz. It seems that block 4 guides the incident wave from waveguide 1 to waveguide 2, and that block 3 reflects part of the incident wave reflected at the waveguide wall to the direction of waveguide 2. Anyway, without optimization methods, it is difficult to determine appropriately the size and location of these blocks. To investigate a role of each of the dielectric blocks in detail, we compute the frequency characteristic of optimized structures with one of the dielectric blocks removed. Figures 14 and 15 show the frequency characteristic of the optimized structure and one with block 1, 2, 3, or 4 removed. In Fig. 14 , the frequency characteristic of the structure with all the blocks removed is also shown, and the power is divided equally into waveguides 1, 2, and 3 at 10 GHz. Block 1 is very small, and the frequency characteristic of the optimized structure with block 1 removed is almost the same as that of the optimized structure. Block 2 is relatively small, but we notice that block 2 is necessary to keep the power ratio divided into waveguides 2 and 3 over 9 to 11 GHz. Block 4 prevents the reflection to waveguide 1 and guides the incident wave to waveguide 2 over 9 to 11 GHz, but, if block 3 is removed and it does not reflect the wave to the direction of waveguide 2, the transmitted power into waveguide 2 becomes less than that of the optimized structure, and that into waveguide 3 increases.
The H-plane T-junction was divided into 40000 linear rectangular elements, and the number of the unknowns in (1) was 39798. The computational time on a PC with Pentium 4 of 3.2 GHz and 2 GB memory was about 15 minutes for 100 iterations in the T-junction.
Conclusion
We presented an optimization method on reflection and/or transmission characteristics of an H-plane waveguide component, based on LSM with FEM. Here we proposed a formulation in LSM, where a small variation of the level set function, δw, is determined as discrete values, not as a function, by using the same discretization as in FEM. To confirm the validity of our formulation, we illustrated through some numerical examples that an optimized structure is obtained from an initial structure composed of several circular blocks of dielectric.
The proposed formulation for the discretization of δw is versatile, and so our optimization method based on LSM with FEM will be readily extended and applied to optimization on reflection and/or transmission characteristics in other electromagnetic and optical waveguides, including threedimensional ones.
